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Abstract 

Let i? be a commutative A;— algebra over a field k. Assume Ris a Noetherian 
integral domain and \R\ = oo. The group of /c— automorphisms of i?,i.e., 
Autk^R) acts in a natural way on {R — k). We study the structure of R 
when orbit space {R — k) / Autk{R) is finite, and note that most of the results 
proved in [1, §2] hold in this well. We also give an elementary proof 

of [1, Theorem 1.1] in case k is finitely generated over its prime subfield. 

1 Introduction 

Let K/k be a non-trivial field extension. Authors in [1, §2] conjecture that 
the orbit space {K — k) / Autk{K) is finite if and only if either both K and k 
are finite or both are algebraically closed. From the results of the authors, it 
is clear that K is finite if and only if k is finite. Moreover, if K is algebraically 
closed then so is k. About the converse, several results are proved. We prove 
here that if R is an infinite Noetherian integral domain which is a fc— algebra 
over a field k such that |(_R — k) / Autk{R)\ < oo, then most of the results, 
not particularly relevant to fields, in [1, §2] hold. 
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2 Main Results 



Throughout, we shall assume that R is an infinite commutative /c— algebra 
over a field k which is Noetherian integral domain such that | (R—k) /Autk{R) \ < 
oo. 

Theorem 2.1. The field k is infi,nite and integrally closed in R. 

Proof: If \k\ < oo, then as \{R ~ k)/Autk{R)\ < oo, \R/AutkiR)\ < oo. 
Therefore \R/Aut{R)\ < oo. Hence by [2, Corollary 16], i? is a finite field. 
This contradicts the fact that R is infinite. Hence \k\ = oo. Now, let 
a & {R — k) he integral over k. Then for each a & k, aa is integral over 
k, moreover, {aa|a G k} is an infinite subset of {R — k). Note that if 
f3 ^ {R — k) is integral over k, then for any a G Autk{R), is inte- 

gral over k. Hence orbit of (3, i.e., 0{l3) = {a{f3)\a G Autk{R)} is a finite 
set. This implies \{R — k) / Autk{R)\ = oo, a contradiction to the assump- 
tion that \{R — k) / Autk{R)\ < oo. Hence k is finite and integrally closed in R. 

Theorem 2.2. // characteristic of k is p > 0, then k^ = k and R^ = R. 

Proof: Since k is integrally closed in R, {R — ky C {R — k). Therefore 

{R-k)Z){R-kf ^ ■■■^{R- kf"" D • • • 

is a chain of orbit closed subsets of {R — k) under the action of Autk{R)- 
Since \{R — k) / Autk{R)\ < oo, there exists n > 1 such that 

(R-ky" ^{R-k/''^'\ 

Thus for every A G {R — k), there exists G {R — k) such that 

(A - fxP)P" = 

{R-k) = {R- ky C RP. 
Now, if X e {R- k),a e k, then 

A, {X-a) e{R-k) = {R- ky C R^. 
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Assume A = a^, A — a = /?p for a, /? G i?. Then 

(a- (3)P = aP - = ae Rp 
=^ kcRP 

=^ R = RP since {R-k) = {R- k)P. 
Finally, as R = Rp and k is integrally closed, k = kP. 

Theorem 2.3. If x G {R — k) and c (zk, then there exists a G Autk{R) such 
that cr(x) = X + c. 

Proof: The proof is similar to the proof of [1, Lemma 2.6]. 

Theorem 2.4. If R is integrally closed, then [R — kY = {R~k) for all I > 1. 

Proof: It suffices to prove the statement assuming / is a prime. In view 
of Theorem \2.2\ we can assume that / is other than the characteristic of k. 
As in Theorem I 



{R-k)D {R-kY D ---D {R- kY^ D • • • 

is a chain of orbit closed subsets of {R — k). As — k)/Autk{R)\ < oo, 
there exists n > 1 such that 

(R-kf = {R-kY'"'^'' 
for all m > n. Thus for any A G (R — k), there exists ^ & {R — k) such that 

A''" = /""^'^ 
=^ (A^-7'" = l 
=^ A/i-' G R 

since R is integrally closed. Further, as k is integrally closed in R, Xfi"'' G 
{k*)im, the subgroup of (Z"^)*'^ roots of unity in k. Therefore A G {R—kY{k*)irn 
for all m > n. Consequently, (R — k) C {R — kY{k*)im.- Next, for any m > n 

(R-kY"" = iR-kf"'. 

Hence, as above, we can conclude that for any A G {R — k), A G (-R — 
kY"'{k*)i^. Thus {R — k) C {R — kY"^ {k*)^^. We, now, consider two cases. 
Case 1. {k*)im Q {k*)n„,+i). 
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In this case, for any c G {k*)im, there exists b e {k*)i(m+i) such that c = bK 
Hence, as (i? - A;) C (i? - k)\k*)im ,we have 

{R-k)G{R- ky{k*y = (i? - A;)' C (i? - A;). 

Conquently, {R - k)^ = {R - k). 

Case 2. (A;*)im = (fc*);(m+i) for all m >n. 

We have 

{R-k)G{R- ky{k*)irn G{R- k)k* g{R- k). 

Consequently, {R — k) — {R — kY{k*)im for all m > n. Further, we have also 
proved that 

{R - k) c{R- ky"'{k*)i^ c{R- k)k* G{R-k) 

=^ {R-k) = {R-ky'^{k*),^ 

^ {R- ky = {R- kf""^'^ {k*)iim-i) 
If m > n, then m — 1 > n. Hence 

{R - ky ^{R- k^^ik^m ^{R- k). 
Thus the result follows. 

Remark 2.5. If U is the set of units in R, and Un{R — k) ^ (j), then R^ = R 
and fc' = k. 

We shall first prove that U = UK Let v e U f\ {R - k) = U f\ {R - ky. 
Then v ^ \^ for some X E (R — k). Clearly X E U. Hence v E UK Therefore 

un{R-k)c U^---{i). 

Next 

U ^[U r\{R-k)]\J[U r\ k*] = [[/ n (i? - A;)] U A;* C [/' U A;* • • • {ii) 

We claim A;* C UK Let a e A;* and A e C/ n (i? - A;). Then XaEUr\{R-k). 
Thus, by (i), A~^(Aa) ^ a E UK Consequently A;* C UK Hence, by(ii), 
U — Now, let a E k*. Then there exists b E U such that 6' = a. Since A; 
is integrally closed, b E k*. Hence k = kK This gives 

Ri = {R-kyuk 
= {R-k)[Jk 

Hence the assertion holds. 
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Theorem 2.6. // R is integrally closed, then k = R^^^kiR) = {\\a{\) = 
A for all a G Autk{R)}. 

Proof: Let A G R^'^*^^^\ \ ^ k. By [2,Lemma 5], A is a unit. Therefore 
L = R^^^kiR) ig field containing k. By Theoren i2.4l . for any / > 1, (R—kY = 
{R — k). Thus, since X ^ k, — X has no roots in k. Moreover, by Theorem 
12.31 for every a & k and any root fi of X'- — X, fi + a is also a root of — A 
since for any a G Autk{R), a{^) is also a root of X'- — A. As = oo, this is 
not possible. Hence k = R^'^^kiR) _ 

Remark 2.7. : (i) If characteristic of A; is p > 0, then we can drop the 
condition that R is integrally closed. This can be seen by taking / = p. 
(ii) Under the conditions of the Theorem, |0(A)| < oo if and only if A G /c. 
If |0(A)| < oo, let 0(A) = {Ai, ■ ■ ■ , Xt). Then (X-Ai) ■ ■ ■ (X-At) = p{X) G 
k[X]. Hence each Aj is integral over fc, and consequently A G A;. The converse 
is clear. 

Theorem 2.8. //A G (-R — k), then Sx = {a E A;*|cr(A) = aX for some a G 
Autis{R)} is a subgroup of finite index in k* . 

Proof: Let a, 6 G Sx- Then there exist a, r G Autk{R) such that <j{X) = 
aX, r(A) = bX. Therefore ctt(A) = abX and cr^^ = a^^X. Hence ab, G Sx- 
Thus Sx is a subgroup of k*. Now, assume [k* : ^a] = oo. Choose an 
infinite set • • • , ■ ■ ■ } in k* such that biSx 7^ bjSx for i ^ f- We claim 
0(6jA) 7^ 0{bjX) for all i 7^ j. If not, then there exist i ^ j such that 

0{bjX) 

a{bjX) for some cr G Autk{R) 

K%x 

bjSx- 

As biSx 7^ bjSx for i 7^ j, the claim follows. This contradicts the assumption 
that \{R - k)/Autk{R)\ < 00. Hence [k* : Sx] < 00. 

Remark 2.9. If A; is algebraically closed then Sx = k* - Hence for any c E k*, 
there exists a G Autk{R) such that cr(A) = cA. 

Let [k* : ^a] = m < 00. Then for any a G A;*, as A; is algebraically closed, 
(A;*)™ = A;*. Thus ^a = k*, and the assertion follows. 

(ii) Assume that R is integrally closed and [R — k) (1 U 7^ where U is the 



0{biX) 
a{hX) 
a{X) 



b- 



-1 



b, G 

^i^A 



Sx 
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group of units of R. Then also the assertion of the Theorem holds ,i.e., we 
need not assume k to be algebraically closed in this case. This follows since 
k* = (fc*)'" by Remark [221 

In the end, we record an elementary proof of [1, Theorem 1.1] in case k is 
finitely generated over its prime field. 

Theorem 2.10. Let k be a field with \k/Aut{k)\ < oo. If k is finitely gener- 
ated over its prime field, then k is finite. 

Proof: It is noted in [1] that characteristic of is p > o and it is perfect, 
i.e., k'^ = k. Let IFp be the prime subfield of k. As k is finitely generated over 
IFp, k has finite transcendence degree over IFp. Let be a transcendental 
basis of k\IFp. Then k\IFp{S) is finite algebraic. If 5* = 0, then clearly k is 
finite. Further, ii S ^ (p, then as k is perfect k ^ IFp{S). Thus k\IFp{S) is 
finite algebraic. As k is perfect, Frobenius endomorphism of k {say)a is an 
automorphism. Therefore, as [k : IFp{S)] < oo, a{IFp{S)) = IFp{S). This, 
however, is not true. Consequently 5 = 0, and k is finite. 
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